Glycolytic Oscillations in Yeast Cells

The nonlinear dynamics of metabolism studied in living yeast cells.

Sune Danø

Chaos and Turbulence Studies Department of Chemistry, H. C. Ørsted Institute University of Copenhagen, Denmark

June 1999

ii

Preface

This thesis contains the major part of my work as a master student at Chemistry Laboratory III at the Department of Chemistry at the University of Copenhagen.

I would like to thank my supervisors Preben Graae Sørensen and Finn Hynne for the opportunities that I have been given to try out my own ideas. – Both when I was working with the experiments presented here, and when I found other projects interesting. This freedom and your kindness made it all worthwhile.

Without the excellent technical skills of Torben Hansen and Aage Nissen, the experiments presented in this thesis would never have worked out. Equally important was the friendly help on the growth and handling of the yeast cells, which Bas Teusink provided during my short stay at the E. C. Slater Institute, University of Amsterdam. I would also like to thank everybody in the group of Per Amstrup Pedersen at the August Krogh Institute for discussions, good advise, and access to laboratory facilities. Good advise was also given by Bjørn Quistorff at the NMR center at the Panum Institute. At the Chemistry Laboratory IV, I would like to thank Jens Christian Poulsen for frequent use of the autoclave. The staff at the Department of Genetics kindly provided the yeast strain.

My fellow students created a good atmosphere at the laboratory, and Morten Garkier Hendriksen, Henrik Skødt, Anders Bisgaard, and Thomas Lorenzen even gave valuable advise after having read parts of this thesis. A special thank should be given to Mette Hoffmann and Henrik Skødt for sharing this office with me. You both made this a very pleasant place to work.

Finally, I would like to thank my mother; not for any sentimental reasons, but for providing competent help with the English language at all times of the day. Without your help, this thesis would have been a whole lot murkier.

Sune Danø Copenhagen, June 1999

Contents

1 Introduction 1 1.1 Glycolytic Oscillations . . . . . . . . . . . . . . . . . . . . . . . . 2

2 The Biological System 5 2.1 Yeast . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.2 Metabolism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 2.2.1 Glycolysis and the Subsequent Fermentation . . . . . . . . 9 2.2.2 Glycolysis and the Rest of Metabolism . . . . . . . . . . . 20

3 Complex Kinetics 27 3.1 Describing Complex Kinetics . . . . . . . . . . . . . . . . . . . . . 28 3.1.1 Persistent Behaviour . . . . . . . . . . . . . . . . . . . . . 34 3.1.2 Bifurcations . . . . . . . . . . . . . . . . . . . . . . . . . 37 3.2 Experimental Complex Kinetics . . . . . . . . . . . . . . . . . . . 45 3.2.1 Quenching Analysis . . . . . . . . . . . . . . . . . . . . . 46

4 Glycolytic Oscillations 55 4.1 Glycolytic Oscillations . . . . . . . . . . . . . . . . . . . . . . . . 56 4.2 Cell Synchronization . . . . . . . . . . . . . . . . . . . . . . . . . 63 4.2.1 The Appearance of Macroscopic Oscillations . . . . . . . . 67 4.2.2 Some Concluding Remarks . . . . . . . . . . . . . . . . . . 70

5 Experiments 71 5.1 Growth of the Yeast . . . . . . . . . . . . . . . . . . . . . . . . . 72 5.2 Setting up the CSTR Experiment . . . . . . . . . . . . . . . . . . 75 5.3 Experimental Results . . . . . . . . . . . . . . . . . . . . . . . . . 78 5.3.1 Simple Experiments . . . . . . . . . . . . . . . . . . . . . 78 5.3.2 Birfurcation Analysis . . . . . . . . . . . . . . . . . . . . . 81 5.3.3 Quenching Experiments . . . . . . . . . . . . . . . . . . . 89 5.4 A Closing Remark . . . . . . . . . . . . . . . . . . . . . . . . . . 92 vi Contents

6 Modelling Glycolysis 97 6.1 The Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98 6.1.1 The Core Model . . . . . . . . . . . . . . . . . . . . . . . 98 6.1.2 The Extended Model . . . . . . . . . . . . . . . . . . . . . 103 6.2 Optimization of the Model . . . . . . . . . . . . . . . . . . . . . . 103 6.2.1 Optimizing the Core Model . . . . . . . . . . . . . . . . . 106 6.2.2 Optimizing the Extended Model . . . . . . . . . . . . . . . 113 6.3 Modelling Cell Synchronization . . . . . . . . . . . . . . . . . . . 120

7 Conclusions and Perspectives 127 7.1 The CSTR . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129 7.2 Cell Synchronization . . . . . . . . . . . . . . . . . . . . . . . . . 133

A Abbreviations 137

B Materials and Methods 141

Bibliography 147

1 Introduction

Biology has changed from being a strictly descriptive science into being a dynamic science, dealing with control, regulation and evolution of highly complicated systems. Examples include the control and regulation of gene transcription, the hierarchy of eukaryotic compartmentation, the maintenance of cellular homoeostasis, and the pathways of intercellular communication.

All of these examples, and many more which I could equally well have mentioned, only work because the chemical reactions governing the systems are far from thermodynamic equilibrium. This allows the systems to have highly nonlinear responses when exposed to the actions of the environment or internal factors. The molecular basis of such biological systems is, in many cases, understood in impressive detail. Nevertheless, understanding the dynamics of such living systems is still a challenge.

If you consider the complexity of such systems, it is easy to see why. The chemical reaction systems, which define the dynamics, consist of many different substances, and the reactions often take place in an heterogenic environment. In principle, it is possible to calculate the development of such systems from their chemical and physical basis. But the computations are in practice too big to be performed even when using state of the art computers. On top of this comes the problem of determining the correct parameters for the modelling.

Consider the interactions among a set of chemicals in a homogeneous environment. Now, increase the complexity of the system by adding more chemical species. These species might undergo reactions with several of the other species at different rates. These rates might again depend on the instantaneous chemical composition of the system, e.g. some of the species might catalyse the reaction of some of the other species. Therefore, in the typical case the computational complexity increases in a polynominal way, when more species are added.

The computational complexity is also polynominally increased by the spatial heterogeneity found in almost all biological systems. Even though we disregard all such spatial effects, and limit our description to a small subset of the cellular metabolism, you will se in chapter 6, that this increase in complexity, as more and more details are added to the description of our experimental system, does in fact become a major practical problem.

Thus, it turns out that even though one might know all the chemical and physical details of the biological system, it is still an impossible job to calculate, from the chemical and physical basis, how it will evolve.

A similar situation is seen in other fields of science. From quantum mechanics one could in principle calculate all of the phenomena of chemistry, but in practice this cannot be done. Therefore, the problems are dealt with at a higher level of organization, which we call chemistry. At an even higher level of organization, chemistry is no longer practical, and the entities are now animals, populations and ecosystems.

Dynamics can also be described at a higher level of organization than the underlying chemical kinetics. This is done by focusing on the geometry of the phase space as described in chapter 3. Our group has been working towards experimental and theoretical approaches to this geometric description of dynamical systems for many years, and the extension of this into living sytems is the overall goal of the work presented here.

1.1 Glycolytic Oscillations

In more practical terms, the aim of my thesis work was to provide an experimental setup, in which stable metabolic oscillations in living cells can be monitored, controlled and chemically perturbed.

The organism chosen for these experiments is Saccharomyces cerevisiae, baker’s yeast. In these cells, oscillations in the concentration of glycolytic metabolites can be measured, and the individual yeast cells are capable of synchronizing these oscillations with each other by means of acetaldehyde, which diffuses readily in and out of the cells (see chapter 4 for details on the oscillations and the synchronization mechanism).

Working with these oscillating yeast cells, one question seemed inevitable to me: Does the glycolytic oscillations fulfil a purpose, or are they just a

1.1 Glycolytic Oscillations 3

peculiarity provoked by the special experimental conditions?

Richter and Ross (1981) show that the oscillations might in theory increase the efficiency of glycolysis by reducing the dissipation of free energy in glycolysis. Whether this is reality or just speculations, can only be judged sometime in the future when, hopefully, a detailed and accurate model of glycolysis is avaliable. In a first attempt to do such an investigation from a comprehensive glycolytic model, Termonia and Ross (1981) calculate that the oscillations in fact reduce the dissipation of free energy.

In any case, this gives no explanation why the yeast cells should synchronize their oscillations. Taking into account that they are basically unicellular organisms when living in their natural environment, this might very well be a coincidence caused by the intrinsic dynamics of glycolysis. Paradoxically, this could turn out to be the most interesting thing about the synchronization: Even though it serves no purpose, it is there ready and working^1. Therefore, this synchronization mechanism could very well have been utilized for cell communication in multicellular organisms.

Indeed, glycolytic oscillations have been found in extracts of many other cell types, notably smooth muscle cells (Frenkel, 1968), skeletal muscle cells (Tornheim and Lowenstein, 1973), pancreatic β−cells (Chou et al., 1992), tumor cells (Ibsen and Schiller, 1967), and heart cells (O’Rourke et al., 1994, 1995). References to reports of glycolytic oscillations in plants and insects are given by Teusink et al. (1996b).

As pointed out by Betz and Chance (1965b), the oscillations in the ATP concentration make it possible for other cellular processes to couple to the glycolytic oscillations, since hydrolysis of ATP drives many biochemical reactions. This mechanism has been suggested for the pulsatory insulin secretion of β−cells (Tornheim, 1997; Civelek et al., 1997), or in the spatio-temporal regulation of blood flow (Siegel et al., 1997). Such couplings are even more interesting in the light of the synchronization mechanism of the yeast cells. A similar mechanism could work through the blood in order to synchronize cells of multicellular organisms; this could explain the existence of bulk oscillations of insulin concentrations, which is seen in the blood of healthy people. In Mammalians, acetaldehyde cannot be the mediator of the synchronization, since mammalian cells ferment pyruvate to lactate instead of ethanol (cf. page 9).

1This is an example of neutral evolution: Since many realisations of glycolysis are equally fit, new properties – that do not presently serve any purposes – can evolve from it within the limitation that the glycolytic fitness should not be compromised.

But, as it is seen from the experiments^2 cited in chapter 4, pyruvate can do the job as well if it is allowed to pass the cell membrane. With this in mind, the finding that the activity of lactate dehydrogenase is about 100-fold lower in the β-cell than in any other mammalian cell type examined thus far (Prentki (1996) and references therein), is striking. In mammals, lactate dehydrogenase is analogous to alcohol dehydrogenase in yeast. As described in chapter 4 the reaction catalyzed by this enzyme is important for the synchronization mechanism in yeast.

The value of such speculations can only be assessed through experiments. My hope is that the yeast cell will – once again – show its value as a model organism of eukaryotic cells (cf. page 6). As you will see in chapter 5, my investigations have already given new insights into the mechanism of cell synchronization, by showing that glucose – and not just acetaldehyde – can mediate the synchronization. In my mind, this makes the possible connection to insulin secretion even more interesting.

2In particular, the experiments which show that yeast cells respond to extracellular pyruvate perturbations at low pH values.

2 The Biological System

In this chapter, I will introduce the biological system which I have been working on. Special focus will, of course, be given to the reactions investigated. A more general description will also be given, so that other parts of the system, interacting with the part of the system under study, are also described. As general references to this chapter, please see Walker (1998) and Mathews and van Holde (1990).

In order to describe the biological system in a short and precise way, a lot of common biochemical abbreviations are used. They are not all explained in the text, but you will find a listing of abbreviations in appendix A on page 137.

2.1 Yeast

In broad terms, the system under study is yeast cells metabolising sugar. Yeasts form a vast and diverse group of organisms, that has great biotechnological and scientific importance. In fact, it is probably the only group of microorganisms, that has a cultural history dating back to prehistoric time. From the childhood of biochemistry, this use of yeast for baking and, especially, brewing, has encouraged research in yeast metabolism.

These investigations, starting with the discovery by Louis Pasteur of yeast’s role in alcohol fermentation, have given much of the basic understanding of metabolism. In fact the word “enzyme” originates from Greek “en-”, meaning “in”, and “zyme” which means ’yeast’.

Yeast cells are eukaryotes, having cellular organelles like mitochondria, a nucleus, an endoplasmic reticulum, etc. The genome organization and the

Figure 2.1: The life cycle of wild-type Saccharomyces cerevisiae. Reproduced from Rost et al. (1984).

mechanisms for transcription (DNA → mRNA), translation (mRNA → protein) and DNA replication are also similar to those of other eukaryotes. Still, yeast cells are easy to handle in the laboratory, and standard methods from microbiology can be used. Therefore, yeast cells are at the core of many new discoveries in molecular biology and cell biology.

Benefitting from this, commercial interests in yeast have grown further, because genetically engineered yeast cells are used to produce a whole range of medically and industrially important proteins. For example, the Danish medical company Novo Nordisk uses a strain of Saccharomyces cerevisiae to produce insulin. Insulin needs posttranslational modifications, and therefore this protein must be produced by an eukaryote.

Classification

Since the pioneering work of Emil Christian Hansen who was the first to isolate pure strains of yeast (Hansen, 1886), more than 700 species have been described. Still, it is estimated that only one out of thousand yeast species has been described.

2.1 Yeast 7

Classical taxonomy divides yeasts into three main groups (subdivisions) according to their sexuality: Ascomycotina, Basidiomycotina and Deuteromycotina. The most common of these is the Ascomycotina, which after meiosis forms ascospores in a common sac called an ascus (figure 2.1). Basidiomycotina produces individual spores following meiosis. The last group, Deuteromycotina, consists of yeasts with no known sexual reproduction. Subdivisions are further divided into families, subfamilies, genera, species and strains.

Yeast is a very diverse group of organisms. They are all mostly unicellular, but some species have a multicellular form as well. A prominent feature of all yeasts is the cell wall on the outside of the plasma membrane. It is mostly made up of polysaccharides, and gives strength and rigidity to the yeast cells.

Yeasts can be found living with plants or animals, in water or in soils. Most yeasts live of soluble nutrients from vascular plants, but more exotic yeasts can also be found. For example, Candida albicans is an opportunistic pathogen yeast, causing severe problems for AIDS patients, and the Dutch elm disease – presently causing many problems in European cities – is caused by the yeastlike organism Opiostoma ulmi.

Saccharomyces cerevisiae

For my studies, I use a specific strain of the ascomycotic species Saccharomyces cerevisiae . This species is the best known and most studied species of yeast. As such, it is one of the best known organisms at all, and Saccharomyces cerevisiae was the first eukaryote to have its entire genome sequenced (Goffeau et al., 1996). Saccharomyces means ”sugar fungi”, and indeed it is characteristic of Saccharomyces species that they grow well in high concentrations of sugar, which is often toxic to other microorganisms. They are fermentative yeasts, which means that they ferment the sugar into ethanol instead of oxidizing it, even though plenty of oxygen is avaliable. The resulting ethanol is toxic to most other microorganisms, but Saccharomyces species themselves are tolerant to ethanol concentrations of up to about 10–15%. The cells of Saccharomyces cerevisiae are ellipsoidal in shape, and their size is 5–10μm on the longest diameter. They divide by budding, which normally results in a small daughter cell and a larger mother cell. Each budding produces a bud scar and by counting these, mother cells have been found which have produced up to 100 daughter cells (Bartholomew and Mittwer, 1953).

In biotechnological applications, it is often of interest to know the exact strain. For our purpose, it mainly serves to insure reproducibility of the exper-

Figure 2.2: Saccharomyces cerevisiae as seen through the electron microscope. Notice the bud scars. The picture was found at the website of the Electron Microscopy Group, Institute of Microbiology, Academy of Sciences of the Czech Republic, Department of Biotechnology and Production of Natural Compounds, Laboratory of Mathematical and Physical Methods.

iments. Considerations on the choice of yeast are given in chapter 5.1.

2.2 Metabolism

Metabolism is a vast subject, and I shall not attempt to give a thorough coverage, since this could easily fill this thesis. In Saccharomyces cerevisiae, almost 600 metabolites are known, and they are interchanged by approximately ten times as many enzymes (including isozymes, which are different variants of enzymes catalysing the same reaction).

Instead I will try to give a quick overview of metabolism in Saccharomyces cerevisiae, leaving basic biochemistry, and subjects not directly linked to this thesis, to textbooks. In my opinion, a good basic coverage is given by Mathews and van Holde (1990).

The central biochemical reaction system of this thesis is glycolysis and the subsequent fermentation. Glycolysis, which is also known as the Embden- Meyerhof pathway, takes place in the cytoplasm of all cells of plants, fungi, and animals, and in most bacteria. It is central to energy metabolism, because it is the first steps in converting the chemical energy of sugar into chemical energy in the form of ATP, which is the form needed by the cell.

In few words, glycolysis is the oxidation of glucose to the key metabolite pyruvate:

Glc + 2ADP + 2P_i + 2NAD^+ −→ 2Pyr + 2ATP + 2NADH + 2H^+ + 2H_2O

Pyruvate is a precursor for several parts of anabolism (see table 2.4), but most pyruvate is degraded further, in order to provide energy for the cell.

Normally, the catabolic faith of pyruvate depends on the availability of molecular oxygen. If the catabolism is aerobic, further degradation of pyruvate takes place in the mitochondria, where it is oxidized primarily by NAD^+ in the citric acid cycle.

The NADH from this oxidation is oxidized by oxygen in the electron transport chain, finally producing ATP. During anaerobiosis, some other means of re-oxidising NADH must be found, in order for the cell to maintain homeostasis. In most organisms, this problem is solved by fermentation of pyruvate itself. In yeast, this fermentation leads to the formation of ethanol:

Pyr + NADH + 2H^+ −→ EtOH + CO_2 + NAD^+

In other organisms, other fermentation products can be found. Mammalians produce lactic acid, and different microorganisms produce a wide range of small organic molecules like butyrate, acetate, formate, succinate, etc. The ethanol and CO_2 formed by the yeast are the basis of the classical commercial use of yeast for brewing and baking. Fermentation products from other microorganisms are sometimes responsible for the specific flavour of the fermented product. For example, Scotch malt whiskey is flavoured by lactic acid bacteria as well as by the yeast.

2.2.1 Glycolysis and the Subsequent Fermentation

As described above, glycolysis is at the heart of classical biochemistry, and the details of the pathway have been thoroughly investigated. The overall picture is presented in figure 2.3, where I have drawn it as a “biochemical cartoon”. In the upper part of glycolysis, the sugar is phosphorylated twice by hexokinase (HK) and phosphofructokinase (PFK). Then the sugar is cleaved into two 3-carbon substances. Oxidation of glyceraldehyde 3-phosphate (GAP) by NAD^+ is coupled to another phosphorylation, so that we now have four phosphorylations for each degraded glucose molecule. In the subsequent steps, these phosphorylations are used to produce four ATP’s from ADP in the reactions catalyzed by phosphoglycerate kinase and pyruvate kinase.

The question asked is what determines the dynamics of this sequence of reactions? The answer has several layers to it.

First of all, all the reactions are catalyzed by enzymes. Since the cytoplasmic concentration of a specific enzyme is limited, there is a maximal velocity

Figure 2.3: Glycolysis and the subsequent fermentation in the cytoplasm of the yeast cell.

for each reaction, independent of the concentrations of the substrates and products. This might not be true for all of the glycolytic enzymes, since some of the enzymes have high concentrations themselves (Hess et al., 1973). In any case, such considerations have led to the concept of the “rate-limiting step” of an entire pathway, being the enzyme with the lowest V_{max}. In an attempt to quantify this concept, simple models of glycolysis have been analysed using metabolic control analysis (MCA), which is a kind of sensitivity analysis of the steady state. (See Fell (1997) for a nice introduction to MCA). The conclusion is, not surprisingly^1, that there is generally not any single “rate-limiting step” in glycolysis. Also, the oscillations are not controlled by a single enzyme (Bier et al., 1996; Teusink et al., 1996a).

More importantly, a whole range of enzymes have been overexpressed in yeast and the above conclusion holds: There is no single rate-limiting step in glycolysis (Heinisch, 1986; Schaaff et al., 1989; Davis and Brindle, 1992).

There are also some stoichiometric constraints on the pathway. An obvious one is the fact that the NADH produced by GAPDH must be reoxidized, if the reactions are not to stop at GAP. In anaerobic catabolism, this is primarily done by the ADH reaction, although glycerol production oxidizes NADH too (as described on page 20). This gives a stoichiometric feedback loop, which implies that flux through the lower part of glycolysis must balance the fermentative flux to within the total amount of NAD^+ and NADH at all times.

Since ATP is “invested” in the upper part of glycolysis, something similar applies in special situations. The flux in the upper part can be limited by the availability of ATP, produced in the lower part. But since glycolysis produces two moles of ATP per mole of glucose, this only applies to transients with sudden increases in the glycolytic flux. This effect might therefore not seem to be of any practical importance, but in fact mutant strains of Saccharomyces cerevisiae have been found, which lack a regulatory mechanism which prevents this way of ATP exhaustion in wild type Saccharomyces cerevisiae. These mutants grow poorly in high concentrations of glucose (see Teusink et al. (1998) and references therein). This regulatory mechanism is described further below.

Apart from the enzyme kinetics and stoichiometric constraints, some of the

1At least four of the five models investigated were minimal models, meant to give the simplest possible description of the system. If such models were to have unimportant steps, they wouldn’t be minimal models.

12 The Biological System

Figure 2.4: The quest for the rate-limiting step. Reproduced from A. B. Tulp (1986) Trends Biochem. Sci. 11, 13.

glycolytic enzymes are allosterically^2 regulated by specific metabolites, often termed effectors. It is, of course, easiest to realize effectors internal to glycolysis, since such effectors are more likely to be present in the in vitro experiments actually performed. As a consequence, such internal glycolytic effectors were the first to be described. HK is allosterically inhibited by G6P

PFK is allosterically activated by AMP, ADP and its product FBP. Furthermore, it is allosterically inhibited by its substrate ATP

At high concentrations, FBP is an inhibitor instead of an activator. In low concentrations, fructose and fructose 1-phosphate are also activators of PFK; at high concentrations they are competitive inhibitors (Kreuzberg, 1978). Finally, PK is allosterically inhibited by its product ATP and activated by FBP

In the early 1980s it was found, that fructose 2,6-bisphosphate (F2,6BP) is a strong allosteric activator of PFK. F2,6BP is produced from F6P in a reaction catalyzed by phosphofructokinase-2 (PFK2):

F6P + ATP^{PFK2}−→ F2, 6BP + ADP + H^+

It is now believed that F2,6BP is the fysiological most important regulator of glycolysis, because it regulates glycolysis and glyconeogenesis at the same time.

2From Greek “allo-” meaning “other” and “stereos” meaning “firm”, “physical” or “spatial”. That is, an allosteric effector interacts with the enzyme in some other place than the active site.

Changes in the F2,6BP level is often mediated by the second messenger cAMP. In glucose stimulated Saccharomyces cerevisiae the level of both cAMP^3 and F2,6BP rises and causes a strong activation of PFK and at the same time a profound inhibition of fructose 1,6-bisphosphatase, which catalyses one step in the production of glucose from pyruvate. Thus gluconeogenesis is shut down (François et al., 1984). F2,6BP is also an important regulator of glycolysis and gluconeogenesis in many other cell types. As an example, in mamalian liver cells F2,6BP is lowered in response to the hormone glucagon through a phosphorylation cascade initiated by cAMP. This is an important part of our blood-sugar regulation.

Other external allosteric effectors have been found as well. Acetyl CoA and citrate from the citric acid cycle, decrease the glycolytic flux by inhibiting PK and PFK, respectively. As mentioned, there is also a regulation which prevents ATP exhaustion in the upper part of glycolysis. This is accomplished by trehalose 6-phosphate, which inhibits HK (Blazquez et al., 1993). Along the same lines, the actual transport of glucose into the cell is inhibited by G6P, the product of HK.

This complicated net of regulations is shown in figure 2.5. It looks quite complicated, but the regulations can be rationalised by looking at glycolysis teleologically. Since glycolysis is responsible for the energy production in the cell, it should slow down when there is plenty of ATP avaliable, and it should speed up when ATP is needed, that is when the concentration of ADP or AMP is high. This is exactly what happens at PFK and PK. The inhibition by the metabolites from the citric acid cycle can be reasoned the same way. As already discussed, the regulation of the glucose transporter and HK serve to prevent ATP exhaustion due to overloading of the upper part of glycolysis. The role of F2,6BP then seems to be as an overall regulator, which regulates glycolysis in response to external stimuli of the cell. The FBP product activation of PFK is not easy to rationalise, but nevertheless it is important in the generation of the oscillations which I have studied. Maybe it activates PFK by binding to the same site as F2,6BP does, because the two metabolites are similar.

In accordance with biochemical tradition, some of the reactions of figure 2.3 are drawn as reversible reactions, and some are drawn as irreversible. In fact, the only truly irreversible reaction is the one catalyzed by PDC. The other reactions which are drawn irreversible, are the HK, PFK and PK reactions.

3In deep contrast with what is known of the liver enzyme, yeast PFK2 is activated by phosphorylation instead of being inactivated.

2.2 Metabolism 15

Figure 2.5: Regulation of glycolysis. Solid lines symbolise reactions, dashed lines represent regulation. Enzyme abbreviations are in boldface. See text for further details.

Each of these reactions has a large negative ΔG under the conditions inside the cell and therefore, the reactions always run from substrates to products. Such estimates can be made from ΔG^∘, but should of course be corrected for the actual concentrations of the metabolites^4.

In table 2.3 I present such calculations, based on measurements of intracellular metabolites in oscillating Saccharomyces cerevisiae in a closed reactor (Richard et al., 1996b). In these experiments, the reactions inside the cells were stopped immediately by spraying the cells into methanol at a temperature of −40^∘C. The metabolite concentrations were then determined enzymatically. Samples were taken every 5 seconds. This allows for 8 samples within the period of the oscillations, which was 41 s. Sinusoidal oscillations were assumed a priori for all metabolites investigated, and an amplitude and a phase were fitted in a window of 23 data points. The results of this fitting and the measurements themselves are reprinted in table 2.1. Measurements of extracellular metabolite concentrations under similar experimental conditions (Richard et al., 1994, 1996a) are cited in table 2.2.

The ΔG calculations show, that the standard picture given in figure 2.3 is also valid for oscillating yeast cells, even though there are some differences compared to the ΔG values from rabbit skeletal muscle and human erythrocytes cited in Mathews and van Holde (1990). The most striking difference is that −ΔG_{P DC} is large compared to lactate dehydrogenase in the other cell types. This is partly caused by the large intracellular concentration of pyruvate in the yeast cells (compare 8.7 mM in the yeast with 51 μM in the erythrocyte). The large value of −ΔG_{PDC} even holds for conservative estimates of [ACA] and p_{CO2} . With ten times the extracellular concentration of ACA and 1% of CO_2 in the air, −ΔG_{PDC} is still the largest in the pathway (ΔG^′ = −37kJ/mol). A comparison also reveals that −ΔG_{PFK} in the yeast is only half the value found in the skeletal muscle and in the erythrocyte.

Even though one should be careful when interpreting such thermodynamic data, I will note that it is remarkably from a biochemical point of view that the decarboxylation, which is not known to be allosterically regulated, has such a large −ΔG. This is, as described above, in contrast to the other exergonic reactions catalyzed by HK, PFK and PK. As discussed on page 22, this might be a consequence of the experimental procedure, but it might also be a consequence of the two different types of fermentation.

4Further corrections should be added to compensate for the high ionic strength of the cytosol and complexes formed between metabolites and metal ions, etc. However, this is not doable with the present experimental results.

Fitted Computed mean Average relative relative amplitude concentration amplitude ± standard error Phase Metabolite (mM) (%) of that mean (%) (^∘) G6P 4.1 40 48 ± 13 -100 F6P 0.5 52 52 ± 11 -110 FBP 5.1 46 48 ± 7 70 F2,6BP 0.02 n.f. 2 ± 5 - DHAP 2.5 n.f. 2 ± 3 - GAP 0.12 n.f. 3 ± 28 - DPG n.d. n.d. n.d. - 3PG 0.3 n.f. 2 ± 9 - 2PG n.d. n.d. n.d. - PEP 0.04 n.f. 17 ± 11 - Pyr 8.7 n.f. 8 ± 7 - ATP 2.1 28 36 ± 9 180 ADP 1.5 56 60 ± 10 0 AMP 0.33 101 104 ± 18 0 P_i 11 12 10 ± 2 -100 NADH 0.33 32 29 ± 6 0 NAD^+ 0.65 9 9 ± 6 180 ATP/ADP 2.04 75 88 ± 14 180 NADH/NAD^+ 0.51 39 37 ± 7 0

Table 2.1: Intracellular concentrations of glycolytic metabolites in oscillating yeast cells as reported by Richard et al. (1996b). Samples were taken every 5 s for 115 s starting 9 min after a 20 mM glucose pulse followed 4 min later by a 3 mM cyanide pulse. “Fitted relative amplitude” is^1_2 of the peak to peak amplitude, obtained from a least square fit of a sine function to the data. “Computed mean relative amplitude” is the mean value of the amplitude, fitted point by point. Phase is relative to the phase of NADH. Abbreviations: n.f.: not fitted, n.d.: not detected. The temperature is 25^∘C. There are some minor discrepancies in the data: AMP has a relative amplitude of 101%, and the average ratio of ATP and ADP does not fit the average concentrations of the two substances.

Average Relative Rate of concentration amplitude Phase accumulation Metabolite (mM) (%) (^∘) (μM/s) ACA 0.07 43 -160 - EtOH 7.1 - - 18 Glycerol 1.3 - - 1.9

Table 2.2: Extracellular concentrations of ACA, EtOH and glycerol in a suspension of oscillating yeast cells. Measurements were done 9 min after a 20 mM glucose pulse, followed 4 min later by a cyanide pulse. Phase is relative to NADH fluorescence. The ACA measurements are from Richard et al. (1996a) and were performed at 20^∘C with a cyanide concentration of 3 mM. The samples for EtOH and glycerol determination were taken with 2 min interval, so oscillations cannot be detected. The temperature is 25^∘C, and the cyanide concentration is 8 mM. The values are estimated from measurements in Richard et al. (1994).

ΔG^{∘′} ΔG^′ Enzyme Reaction (kJ/mol) (kJ/mol) HK Glc + ATP → G6P + ADP + H^+ -16.7 - PGI G6P → F6P 1.7 -3.5 PFK F6P + ATP → FBP + ADP + H^+ -14.2 -9.3 ALD FBP → GAP + DHAP 23.8 -0.3 TIM DHAP → GAP 7.5 0.0 GAPDH GAP + NAD^+ + P_i → DPG + NADH + H^+ 6.3 - PGK DPG + ADP → 3PG + ATP -18.8 - PGM 3PG → 2PG 4.6 - ENO 2PG → PEP + H_2O 1.7 - PK PEP + ADP + H^+ → Pyr + ATP -31.4 -17 PDC Pyr + H^+ → ACA + CO_2(g) -19.0 -50 ADH ACA + NADH + H^+ → EtOH + NAD^+ -23.7 -11

Table 2.3: ΔG^′ (ΔG at pH = 7) and ΔG^{∘′} of the glycolytic reactions and the alcohol fermentation. The ΔG^′ values have been calculated from the average intracellular concentrations of metabolites in oscillating yeast cells as reported by Richard et al. (1996b) and listed in table 2.1. Intracellular EtOH and ACA concentrations are taken to the extracellular concentrations measured by Richard et al. (1994) and Richard et al. (1996a) and presented in table 2.2. p_{CO2} is estimated to 4 · 10^{−4} atm (Holtzclaw et al., 1991). No experimental values for [Glc], [DPG] and [2PG] were avaliable. The ΔG^{∘′} values are from Mathews and van Holde (1990), Nielsen (1994) and Lehninger (1975).

So far I have given an account of glycolysis and fermentation as it is usually viewed. But the dynamics of the pathway might also be influenced by other things. The simple effect of H^+ is usually neglected, because the cytosol is a strongly buffered solution. It might, however, be of some significance, since H^+ is involved in many of the glycolytic reactions. This is evident from table 2.3. Reactions in the upper part of glycolysis (catalyzed by HK, PFK and GAPDH) acidify the cytosol, while the reactions catalyzed by PK, PDC and ADH consume H^+. Overall, glycolysis and the subsequent fermentation consume two H^+, but at the same time CO_2, which acts as a weak acid, is produced:

Glc + 2ADP + 2P_i −→ 2EtOH + 2ATP + 2HCO^−_3

Even though this seems to balance, the “compartmentation” into H^+ production in the upper part and removal in the lower part, might give rise to pH fluctuations, which could in term affect the kinetics of individual enzymes. Indeed, pH transients have been measured in vivo in yeast cells in response to glucose pulses (Haworth et al., 1991), and in yeast extracts pH oscillations have been seen (Hocker et al., 1994). In unstirred yeast extract travelling proton waves have been observed along with travelling NADH waves (Mair and Müller, 1996). Such effects could be important, since many membrane transport processes in yeast are driven by a proton gradient across the cell membrane. This, however, does not involve any metabolites directly involved in glycolysis in Saccharomyces cerevisiae.

The concentration of inorganic phosphate P_i will also affect the dynamics, presumably by changing ΔG of reactions involving phosphorylations and dephosphorylations. My fellow student, Mette Hoffmann, has given a direct demonstration of this in her work with yeast extracts (Hoffmann, 1999). Indeed, Richard et al. (1996b) have measured oscillations in the concentration of P_i in oscillating yeast cells.

Glycolysis is also affected by the presence of some metal ions, since they are essential for the function of several of the enzymes. Mg^{2+} forms complexes with phosphates. This “activates” ATP and other phosphorylated metabolites, and thus it is essential to HK, PGI, PFK, GAPDH, ENO and PK. In ENO and PK Mg^{2+} can be substituted by Mn^{2+}. PK also has a requirement for K^+, and ALD and ADH have Zn^{2+} requirements.

Metabolite Biosynthesis

G6P pentose phosphates nucleotides reduction equivalents F6P amino sugars glycolipids, glycoproteins DHAP 2-glycerophosphate lipids DPG 2,3-bisphosphoglycerate 3PG serine PEP aromatic amino acids aspartate pyrimidines asparagine

Pyr alanine

TCA cycle intermediates fatty acids, sterols amino acids heme, chlorophyl purines, pyrimidines

Table 2.4: Glycolytic precursors for biosynthesis.

2.2.2 Glycolysis and the Rest of Metabolism

In this work I consider the dynamics of glycolysis and the subsequent fermentation as a whole. But things are even more complicated, since glycolysis does not function on its own in the yeast cell.

Many of the metabolites in glycolysis are anabolic precursors (see table 2.4). How this affects glycolysis will of course depend on the amount of biosynthesis taking place. In the experiments, the yeast cells are suspended in a phosphate buffer without any nitrogen source avaliable. This should make protein synthesis impossible, and thus ensure that growth does not take place. This minimises the drain of glycolytic intermediates, but drainage is not completely avoided.

In table 2.2 I cited experimental results showing the production of glycerol by glycolysis under the experimental conditions that I use. Glycerol is produced from DHAP and NADH in two reactions catalyzed by DHAP reductase and glycerol phosphatase:

DHAP + NADH + H^+ −→ glycerol 3−phosphate + NAD^+ glycerol 3−phosphate −→ glycerol + P_i

Because the formation of NAD^+ must be balanced by the NADH consumption, glycerol production is equivalent to a drain of metabolites between GAPDH and ADH. An obvious candidate when no cell growth occurs is ACA, since this metabolite easily diffuses across the cell membrane, and since it is found extracellularly. Such a drain should be 1:1 with the glycerol production. From table 2.2 this seems not to be the case, but according to Richard et al. (1994) this is due to the presence of cyanide, which reacts with ACA to form lactonitril. The reason why there is cyanide in the suspension is described below, and some consequences of this is discussed on page 64. It is concluded that the total ACA drain matches the glycerol production, and thus the drain from cyanideinduced glycolysis and fermentation is mostly in the form of ACA leaking from the cells. From table 2.2 it can be seen that the drain and glycerol production is quite substantial, amounting to 17 % of the total flux. From the glycerol and ethanol measurements in Richard et al. (1994) it seems that the magnitude of this drain is directly determined by the extracellular cyanide concentration as described on page 64. Indeed, the glycerol production is not always so high; according to Boiteux and Hess (1973) it amounts to round 1.5 % in oscillating yeast extracts, where ACA cannot be drained to the extracellular medium.

Even if no growth takes place, some ATP have to be produced to maintain basic cellular functions, such as the membrane potential of the plasma membrane. It has also been reported that the starved yeast cells – which I use in my experiments – build large amounts of glucose into glycogen (or some other storage carbohydrate) when glucose is administered (Betz and Hinrichs, 1968; Becker and Betz, 1972). This amounts to almost half of the glucose used, and therefore this incorporation will use almost all the ATP produced by glycolysis^5. Thus, there will be a catabolic flux through glycolysis. The pyruvate will then either be fermented to ethanol or oxidized in the TCA cycle and the electron transport chain. Again, we want to concentrate on glycolysis and the subsequent fermentation. This is done by adding cyanide to the suspension of yeast cells, since cyanide is a potent inhibitor of cytochrome C oxidase, which is the enzyme catalyzing the last step in the electron transport chain. By blocking the electron transport chain, and thereby indirectly the TCA cycle, the catabolic fate of pyruvate will be fermentation to ethanol. In a way, this simulates anaerobic metabolism, but plugging the flow through the TCA cycle in this way is of course different from growing the yeast under anaerobic conditions.

5ATP is not used directly, but in the form of UTP.

When grown anaerobically, the yeast adjusts the activity of the relevant enzymes accordingly, but this cannot be done when the electron transport chain is suddenly blocked, and no nitrogen source is avaliable for protein synthesis. This might explain the differences between the ΔG values of the oscillating yeast cells and the skeletal muscle cells or the erythrocytes, that I discussed on page 16. The enzymatic make-up of the yeast cells are determined by the conditions under which they were grown, and at that time there might very well have been a substantial flux through the TCA cycle as well as through the alcohol fermentation. Thus, the enzyme activities are adjusted to a branching of the pathway at pyruvate. Now, when we force the whole flux through the fermentation branch, the enzyme activities of PDC and ADH are too small to handle the pyruvate produced in glycolysis. This would result in saturation of PDC , and give both the high concentration of pyruvate and the large −ΔG_{PDC} which we observe. Because of the stoichiometric feedback loop of NAD^+/NADH (described on page 11), this might also lower the reaction rate of the GAPDH reaction. As a result both GAP, DHAP and FBP would accumulate, because the reactions catalyzed by TIM and ALD both have ΔG ≈ 0 kJ/mol. This way, the relatively low −ΔG_{PFK} of the oscillating yeast cells, as compared to that of the erythrocytes or the rabbit skeletal muscle, might also be a consequence of the cyanide addition.

Since I do experiments with intact yeast cells, the processes related to membrane transport are very important. As with the ACA drain discussed above, this can influence the dynamics in itself, but it also determines which substances I can use to perturb the system by extracellular additions. In fact this is somewhat disappointing, since most of the relevant metabolites are phosphorylated, and therefore cannot pass the lipid bilayer of the plasma membrane. This leaves us with glycerol, ACA and EtOH which will definitely pass the cell membrane by diffusion, and glucose which is transported through the membrane. Cyanide and pyruvate can pass the membrane in their protonated form, but for pyruvate this process is expected to be quite slow, since the protonated form of pyruvate has a low pK_A value of 2.49. In Saccharomyces cerevisiae glucose is transported by facilitated diffusion. According to Azam and Kotyk (1969) the membrane protein that binds glucose binds G6P as well, and therefore the glucose transport is inhibited by G6P.

No other means of transport than simple diffusion is known for ACA and EtOH, but under certain conditions facilitated glycerol diffusion takes place (Luyten et al., 1995). The protein responsible for this facilitation is not believed to be expressed under the conditions I have used, so I will treat the glycerol transport along with that of ACA and EtOH. As a first approximation, we can think of the passing of the cell membrane as composed of three steps:

• Transition from the aqueous phase to the lipid phase.

• Diffusion across the membrane.

• Transition from the lipid to the aqueous phase.

If the diffusion of the three water-soluble substances is about equal, which is reasonable here since they are of approximately the same size, then the membrane permeability can be estimated from the partitioning coefficients of the substances. From empirical formulas in Jain and Wagner (1980) the relative permeabilities can be calculated to 13 : 8.8 : 1 (given as ACA : EtOH : Glyc). I conclude that ACA can permeate the membrane even faster than EtOH, which on the other hand is known to permeate cell membranes readily. However, glycerol permeates the plasma membrane one order of magnitude slower than the other two metabolites.

Another reaction, which seems to be important for the glycolytic oscillations, is the reaction catalysed by adenylate kinase (AK), which catalyses the interconversion of AMP, ADP and ATP:

2ADP^{AK}⇌ AMP + ATP.

As a summary of this discussion, I have drawn the glycolytic pathway once more (figure 2.6); this time with the intention to give a picture as complete as possible.

The Make-up of the Yeast Cell

The enzymatic make-up of the yeast cells is another important aspect. This is a very complicated subject, but when concerned with sugar metabolism in Saccharomyces cerevisiae, one effect – termed the Crabtree effect – is not to be overlooked. This phenomenon relates glucose concentration with the particular catabolic route adopted by the yeast cell when grown under aerobic conditions. When extracellular glucose concentration is high (typically above 5 mM), respiratory and gluconeogenic enzymes are repressed at the level of transcription, so that the yeast, as mentioned on page 7, has fermentative catabolism even though plenty of oxygen is avaliable. On a shorter timescale

24 The Biological System

Figure 2.6: Glycolysis, the subsequent fermentation and other reactions known to influence the dynamics of glycolysis.

a similar effect is seen. Here, the Crabtree effect is not mediated by regulation of the transcription, but by cAMP and F2,6BP as described on page 14.

The consequence of the Crabtree effect when Saccharomyces cerevisiae is grown in an aerobic batch culture is, that the yeast grows in two phases^6. First most of the glucose is fermented to EtOH and CO_2. Then, when no more glucose is left and the yeast cells start to metabolise the EtOH, the fermentative and gluconeogenetic enzymes are derepressed. This marks the beginning of the second (slower) growth phase known as the diauxic phase, where the EtOH produced in the first phase is oxidized via the TCA cycle and the respiratory chain. The enzymatic changes at this diauxic shift are drastic, and affects the glucose transport and many of the enzymes of glycolysis and the subsequent fermentation. For example, Walsh et al. (1994) report that, although the maximal uptake rate does not change, the glucose transporter changes its glucose affinity from a low affinity (K_m = 25 mM) when growing on glucose to a high affinity (K_m = 1.5 mM) after the shift. Richard et al. (1994) measured an increase of the HK activity by a factor three at the diauxic shift, but found constant PDC, PFK, ALD and ADH activities around it. This is contrary to the general understanding of the phenomenon, which states that at least the ADH activity should increase at least an order of magnitude. This discrepancy might arise from complications in the experimental determination af ADH activity (Bas Teusink, personal communication).

Another famous “effect” which can be seen in Saccharomyces cerevisiae is the Pasteur effect. It makes glycolysis run faster under anaerobic conditions than under aerobic. It can also be viewed as the opposite of the Crabtree effect, since it works through suppression of fermentation by oxygen. It works on a short time scale, and can be understood from the regulation of PFK and PK. When oxygen is avaliable, oxidative phosphorylation can produce 36 moles of ATP from each mole of glucose. This is 18 times more than that produced from a mole of glucose under anaerobic conditions. Therefore, the ATP concentration in the cytosol is lowered and the ADP and AMP concentrations rise. At the same time, the concentration of TCA cycle intermediates falls. As described on page 13 all of this will increase the glycolytic flux. However, the Pasteur effect will not be there if the extracellular glucose concentration is above approximately 5 mM, since the Crabtree effect will then force the catabolism to be fermentative.

Many other parts of the living cell will no doubt influence the system we

6A typical growth curve can be found in Richard et al. (1993).

are looking at. But it is hard to tell exactly which things will be important and which will not, so I will now end the presentation of the biological system.

3 Complex Kinetics

From the previous chapter it is evident that biological systems are usually very complex, even when precautions have been taken to minimise the parts of the system actually under study. Contemporary biology tends to work around such problems by focusing on the molecular details of the problems. This reductionistic approach produces large amounts of high quality experimental data, but at the same time it shifts the focus away from understanding the overall behaviour of the system and towards describing the details of the system.

However, the main goal of biological research must still be to understand the behaviour of the full system. In order to do this, a firm theoretical frame is needed for describing and analysing the dynamics of such systems. If such a framework is not available, the interpretation of the behaviour of a biological system can easily become a naive and handwaving explanation focusing on only a few functional elements chosen more by taste or intuition than by deduction. Admittedly, I gave an example of this in the previous chapter, when I discussed the effects of cyanide on the thermodynamics of glycolysis and the subsequent fermentation in the yeast cells (page 22).

In this chapter I present the framework of nonlinear dynamics and discuss how this can be related to actual experiments. Nonlinear dynamics is not the usual framework for the description of metabolic systems, but since it has been very useful when applied to complex chemical and physical systems, I will try to use it for the description of metabolism as well.

In order to follow the presentation, a basic knowledge of linear algebra is required. Many books can be consulted. I learned it from Edwards and Penney (1988) which is a good place to start. For a more thorough introduction to nonlinear dynamics, Strogatz (1994) is a straightforward and readable book.

To get the “mathematical details” and in depth discussions, please consult Perko (1996).

3.1 Describing Complex Kinetics

When describing a dynamical system, we want to write down a precise desciption of what the system is like. Then, we want to answer the question “what is the behaviour of such a system?”

For a chemical system, it is custom to use a set of autonomous ordinary differential equations (ODEs), which describes the changes in concentration of the chemical species. In a system of n chemical species, this is written as dx_1 dt = f_1 (x_1, . . . , x_n) . . dx_n dt = f_n (x_1, . . . , x_n)

or, in a more compact notation

ẋ = f (x) (3.1)

where x and f are n dimensional vectors, and the dot denotes differentiation with respect to time. The solution of the vector field defined by f is called the flow of the system; this tells us how the system evolves in time.

To visualise the behaviour of the system we look at it in phase space , which is an n-dimensional space with each axis corresponding to each of the variables of the system. Thus, a point in phase space corresponds to a definite state of the system, and the time-evolution of the system from such a state can be viewed as a trajectory in phase space. In chemical and biochemical systems, phase space is usually equivalent to concentration space.

If the differential equations are not coupled, it is quite easy to see how the system will evolve. For example, look at this simple example of an uncoupled linear system

ẋ_1 = −x_1 ẋ_2 = 2x_2 (3.2) with the solution

x_1(t) = x_1(0)e^{−t} x_2(t) = x_2(0)e^{2t} . A phase portrait of this system is shown in figure 3.1. From this phase portrait

Figure 3.1: A phase portrait of the system in equation 3.2. Reproduced from Perko (1996).

we conclude that the system has two modes of motion, one along each axis. Each mode corresponds to the solution of one of the differential equations, and the flow of the system from a given starting point is given by a linear combination of the two modes. Since it is a linear system, the system in this example has one stationary point at x = 0. In general, a stationary point is a point with ẋ = 0. I will denote such a point by x^∗ , and thus f (x^∗) ≡ 0. From the solution, or from the phase portrait, it can be seen that along the x_1 axis the flow is towards the stationary point, and along the x_2 axis the motion is away from the stationary point. Thus the stationary point is stable in the x_1 direction, but unstable in the x_2 direction. Therefore, the x_1 axis is called the stable subspace E^s, and the x_2 axis is called the unstable subspace E^u. We conclude that lim_{t→∞} x = x^∗ for all x(0) ∈ E^s. Furthermore, as time goes to infinity the state of the system goes to (0, ∞) for all initial conditions chosen above the x_1 axis, and to (0, −∞) for all initial conditions chosen below.

In matrix notation the system is written as

ẋ = [ −1 0 0 2 ] x, (3.3)

and the solutions are given by

x(t) = [ e^{−t} 0 0 e^{2t} ] c with c = x(0). Notice that the matrix in equation 3.3 is a diagonal matrix, because the two differential equations are uncoupled. This is what makes the axes of figure 3.1 correspond to the modes of motion in this example.

Linear Systems

The simplest general case is a two-dimensional linear system

ẋ_1 = ax_1 + bx_2 ẋ_2 = cx_1 + dx_2

which we write

ẋ = f (x) = Ax. (3.4)

In general, a matrix (here A) can be diagonalized if and only if it has n lineary independent eigenvectors v_1, . . . , v_n, each of which being a solution to the eigenvector problem Av_i = λ_iv_i of equation 3.4. This is usually the case in ODEs describing real systems, and this means that the n dimensional solution space is spanned by a basis of n eigenvectors, where each of these eigenvectors corresponds to an eigenmode of the system.

Suppose the two-dimensional system given by equation 3.4 has two linearly independent eigenvectors. The phase space is then spanned by the two eigenvectors v_1 and v_2 with eigenvalues λ_1 and λ_2, respectively. Since any motion in phase plane is given as a linear combination of an exponential motion along each of the eigenvectors

x(t) = c_1e^{λ1t}v_1 + c_2e^{λ2t}v_2, (3.5) the stability of the stationary point x^∗ = 0 is determined by the signs of the two eigenvalues. As in the example above, the phase space can be divided into E^s, spanned by the eigenvectors for which Re(λ) < 0, and E^u, spanned by the eigenvectors for which Re(λ) > 0, along with the center subspace E^c, which corresponds to the neutral stability of eigenvectors with Re(λ) = 0. E^s, E^u, and E^c are all invariant subspaces with respect to the flow. This means that the flow of any point in the subspace will stay in the subspace for all t ∈] − ∞, ∞[.

If the real parts of both eigenvalues are negative, then E^s is the entire phase plane, and every motion will be towards x^∗, as shown in figure 3.2 (“hyperbolic” is defined below). This is called a sink because all trajectories eventually end at x^∗. If both eigenvalues have positive real parts, then it’s a time reversed sink, which is called a source. If the real part of one eigenvalue is positive, and the other one is negative, we have a saddle as shown in figure 3.3 (again, “hyperbolic” is defined below).

The conclusion is, that the stability of x^∗ is determined by the real parts of the eigenvalues. But what about the imaginary parts? From solving the eigenvalue problem of equation 3.4 we get λ = (a + d) ± √ (a + d)^2 − 4(ad − bc) 2 from which it is evident that, at least in two dimensions, complex eigenvalues always come in complex conjugated pairs^1. Thus λ_1 = α + iβ and λ_2 = λ̄_1. With the corresponding eigenvectors u ± iv equation 3.5 is now written

x(t) = c_1e^{(α+iβ)t}(u + iv) + c_2e^{(α−iβ)t}(u − iv)

= e^{αt} (c_1(cos βt + i sin βt)(u + iv) + c_2(cos βt − i sin βt)(u − iv))

In words, this means that the motion in the phase plane is oscillatory with an amplitude^2 of e^{αt}. So even though the imaginary parts of the eigenvalues change the motion, the stability is still determined by the real parts of the eigenvalues.

To complete the gallery of important phase portraits, a focus and a center are shown in figure 3.4 and figure 3.5, respectively. A focus is a system with complex eigenvalues which has Re(λ) ≠ 0, and a center is a system with complex eigenvalues and Re(λ) = 0. The concepts presented above generalise to n dimensional linear systems, still with R^n = E^s ⊕ E^u ⊕ E^c and complex eigenvalues in pairs.

1In fact, complex eigenvalues always come in pairs. 2Strictly speaking, e^{αt} is the envelope of the amplitude.

32 Complex Kinetics

Figure 3.2: A stable node in a linear system, an example of a sink and a hyperbolic x^∗. E^s = R^2.

Figure 3.3: A saddle in a linear system, an example of a hyperbolic x^∗.

Figure 3.4: An unstable focus in a linear system, an example of a source and a hyperbolic x^∗. E^u = R^2.

Figure 3.5: A center at the origin, an example of neutral stability and therefore a nonhyperbolic x^∗. E^c = R^2. Reproduced from Perko (1996).

Nonlinear Systems

We want to keep this nice picture when we describe nonlinear systems, so we will find the stationary points of the system, and characterize their stability as above. Since we can now have more than one x^∗, the description will only be local, and the stability is only defined in some neighbourhood of x^∗. We might also encounter stationary points not at 0, but this is not a problem since we can always, by translation, choose a coordinate system so that x^∗ = 0. Some phenomena need a global description to be understood, but since this is not the case for my work, I will not account for the global description of nonlinear systems.

We write u = x − x^∗ to obtain a coordinate system with a stationary point at the origin. We now have u̇ = ẋ − ẋ^∗ = ẋ = f(x). Then we do a Taylor expansion around the stationary point:

u̇ = f(x^∗) + J · (x − x^∗) + M^2 · (x − x^∗)(x − x^∗) + . . .

= J · u + O(u^2) (3.6)

where J_{ij} = ∂f_i ∂x_j | | | x=x^∗ and M^2_{ijk} =

∂^2f_i ∂x_j ∂x_k | | | |_{x=x∗}

The n × n matrix J is known as the Jacobian matrix evaluated in x = x^∗. In most cases, u̇ = J · u gives a good description of the flow around x^∗. Therefore, we can characterize the stationary point as in the linear systems above, by solving the eigenvalue problem of the Jacobian. This immediately tells us if the description is in fact a good one in the specific case. If x^∗ is hyperbolic, that is Re(λ_i)|_x∗ ≠ 0 for all i = 1, . . . , n, then the linearization is a good approximation of the flow around x^∗, because the motion along every eigenvector of the system is well defined by the eigenvalue of the linearized system. In fact, the Hartman-Grobman theorem states that the flow of the full nonlinear system in the neighbourhood of a hyperbolic x^∗ is topologically equivalent to the flow of the linearized system. Thus, the qualitative behaviour of the system can be understood by looking at phase portraits like figures 3.2, 3.3 or 3.4.

If, on the other hand, the linearized system of the stationary point has Re(λ) = 0 in some eigendirections, the motion along the corresponding eigenvectors will be determined by the higher order terms in equation 3.6, and the linearized system is no longer a good description of the topology.

The eigenvectors determined by Jv_i = λ_iv_i are, of course, only approximations to the actual modes of motion of the full nonlinear system. So what do E^s, E^u, and E^c of the linearized system tell us? Another important theorem, the stable manifold theorem, deals with this question. It states that there exist sets of points in phase space which form generalised surfaces with properties analogous to the properties of E^s, E^u, and E^c, respectively. These surfaces are known as the stable manifold W^s(x^∗), the unstable manifold W^u(x^∗), and the center manifold W^c(x^∗) of the stationary point. At the stationary point, E^s is tangent to W^s, E^u is tangent to W^u, and E^c is tangent to W^c. Furthermore, the corresponding manifold and subspace of x^∗ are of the same dimension, and W^s, W^u, and W^c are invariant with respect to the flow. This, of course, also means that W^s, W^u, and W^c have the same stability properties as E^s, E^u, and E^c of the linearized system.

3.1.1 Persistent Behaviour

From thermodynamics we know that the only persistent behaviour of a closed system is a stable stationary state, since all closed systems will eventually end up at equilibrium. Nevertheless, slow transients can display very complex dynamics in space and/or time. Examples are given by Pye (1969), Wang et al. (1995) and God (17,000,000,000 years BP.). When doing experiments with dynamical systems, you will normally try to avoid such transients by looking at an open system. How this can be done with a CSTR will be explained in chapter 5; for now, we just need to know that it can be done.

In unperturbed experiments you will never see the unstable states of a system, since small fluctuations will make it impossible to stay exactly in a given state. If such fluctuations displace the system from an asymptotically stable stationary state (that is, an x^∗ with Re(λ_i) < 0 for all i = 1, . . . , n), then the state of the system just decays exponentially back to x^∗. If, on the other hand, x^∗ is unstable then any deplacement with a component in an eigendirection with λ > 0 will grow exponentially, and the system will leave x^∗. Eventually, such a trajectory ends up on an attractor. This might be a stationary point, but it could also be a closed curve, a torus or a fractal. The only criterion is, that the final state attracts trajectories that come within a definite distance from it. The part of phase space, from which trajectories are attracted to the attractor, is called the attractor’s basin of attraction. The basin of attraction might have a very complicated structure, but should always be a nonzero subset of the phase space in order to have an attractor.

We call the attractor a limit cycle if, it is a closed curve. In the typical experiment, when one component of such a system is measured as a function of time, limit-cycle oscillations are seen. The famous Sel’kov model (Sel’kov, 1968), originally proposed as a minimal model for glycolytic oscillations, illustrates this.

ẋ = −x + ay + x^2y ẏ = b − ay − x^2y (3.7)

The system has x^∗ = ( b,^b_{a+b2} )_T

(where the superscript T denotes the transpose of a vector) and the Jacobian is given by J = [ −1 + 2xy a + x^2 −2xy −a − x^2 ] . We choose a = 0.08 and b = 0.6 and calculate the eigenvalues of the Jacobian in the stationary point: λ = 0.098 ± 0.656i. Thus x^∗ is an unstable focus like the one shown in figure 3.4. Figure 3.6 shows what happens if the system is started with x_0 ≈ x^∗. Since x^∗ is an unstable focus, the state of the system spirals away from it. But as the trajectory leaves the neighbourhood of x^∗, the higher order terms of equation 3.7 becomes important and the system settles down on a limit cycle.

Since the Sel’kov oscillator is only two-dimensional, it is possible to prove the existence of the limit cycle analytically. This is done in a very pedagogically way in section 7.3 in Strogatz (1994). However, the method only works for twodimensional systems, so I will not go into this here.

The limit-cycle is central to the work presented here, and in the experiments I have only seen two kinds of persistent behaviour, namely stationarity and limit-cycle oscillations. But to complete the picture, I will briefly mention fractal attractors and tori.

A torus could be seen as the two-dimensional analogy of a limit-cycle with trajectories moving around on a closed surface in phase space instead of on the closed curve of the limit-cycle. Such quasiperiodic behaviour has been seen experimentally, but it is quite rare in chemical systems.

A fractal attractor is also known as a “strange attractor”, maybe because it is not as easy to understand as stationary points, limit-cycles or tori. Like

Figure 3.6: Simulation of the Sel’kov model (equation 3.7) with a = 0.08, b = 0.6 and x_0 = (0.6, 1.364).

the other examples of attractors, it can be thought of as a geometric object in phase space. But this object does not have integer dimension. Instead it is a fractal: The attracting states of the attractor are intertwined with the repelling states of the basin of attraction in a fractal manner. The consequence of this is that two trajectories on the attractor, arbitrarily close to each other at time t, will on average diverge from each other exponentially until they are totally uncorrelated (but, of course, both still on the attractor). This strong dependence on initial conditions and exponential divergence of neighbouring trajectories is characteristic of chaos. Since initial conditions cannot be found with arbitrary precision in the real world, chaotic systems are unpredictable on long time scales.

Even though chaos in glycolysis has never been seen in intact yeast cells, it has recently been reported in yeast extracts by Nielsen et al. (1997). In Nielsen et al. (1998) a model of this phenomenon is proposed, and I have used this model to illustrate chaos. Figure 3.7 shows two trajectories of this model which differs by a factor 1.0001 in one of the 14 initial concentrations of the model. It is evident that the two trajectories diverge. To quantify this, I have calculated the distance between the two trajecories as a function of time. The result and the technical details of this calculation can be seen in figure 3.8. The two neighbouring trajectories diverge exponentially, until they reach an upper boundary given by the size of the attractor. This is the expected behaviour of a chaotic system.

Figure 3.7: An integration of the model given in Nielsen et al. (1998). Parameters are chosen so that the system is in the chaotic regime. The figure shows two trajectories started on the fractal attractor at time t = 0. The only difference of the two trajectories is the initial concentration of NADH, which is raised by a factor of 1 + 10^{−4} in one of the trajectories. Parameters are as stated in the original paper, except for the corrections that the unit of time is minutes and V_4 = 10 mM/min instead of V_4 = 20 mM/min. The integration was performed with the program ’chem’ (Sørensen, 1999) with a relative accuracy of 10^{−10} and an absolute accuracy of 10^{−14}.

3.1.2 Bifurcations

We have seen that the stability of a system, and thus its qualitative behaviour, is determined by the sign of the real part of its eigenvalues at least when we are sufficiently close to x^∗. Therefore, a change in the qualitative behaviour is expected when the real part of an eigenvalue changes sign. This is called a bifurcation. As it should be evident from the previous section, such a change in stability can have important consequences for the system under study, and bifurcations are therefore realizable in experiments.

We change the sign of an eigenvalue by changing some parameter of the system. In order to express this mathematically equation 3.1 is rewritten in the form

ẋ = f(x, μ) (3.8)

where μ is some parameter of the system. If you like, you can think of μ as the activity of a specific enzyme, some tuneable parameter in the experimental setup, or some other effector which is not in itself a variable of the ODEs.

The simplest bifurcations are seen when a single eigenvalue changes sign. The example from the beginning of this chapter can illustrate this. We rewrite

Figure 3.8: A log-plot of the distance between the two trajectories in figure 3.7. I have chosen ‖x − y‖ = ∑_n i=1(x_i − y_i)^2 as the measure of the distance. As long as the two trajectories are close, they diverge exponentially, but eventually they cannot diverge any more on the average, because they both stay on the attractor. In this sence, the slope of the roughly straight line that could be drawn through the points in the first half of this graph would give an estimate of the positive Lyapunov exponent of the system. Roughly speaking, positive Lyapunov exponents are a measure of the exponential divergence of two trajectories. See Ott (1993) p. 135-136 for a definition of Lyapunov exponents of a continuous time system.

equation 3.2 as

ẋ_1 = −x_1 ẋ_2 = μx_2

(3.9)

which then has eigenvalues λ_1 = −1 and λ_2 = μ. If we gradually decrease μ from 2 (as it was on page 28) to some negative value, we see that the system suddenly changes from a saddle (shown in figure 3.1) into a stable node (like the sketch in figure 3.2) at μ = μ_c = 0, which we therefore call the bifurcation point or the critical point. The term “critical point” is, however, problematic, since some authors use this term to denote x^∗.

Normal forms

We can think of a given system as composed of a set of modes of motion. Provided that the time scales of the different modes are widely separated, this can be used to give a low-dimensional description of the system which is (almost) quantitatively correct. A classic example is Michaelis-Menten enzyme kinetics, which is derived under the assumption that the enzyme-substrate

Figure 3.9: ẋ = μx − x^3 as a function of x for three different values of μ. By definition the stationary points are the intersections of the graph with the x-axis. The stability of a stationary point can be told from the slope of the graph: If the slope is positive then ẋ is positive for x = x^∗ + Δx and negative for x = x^∗ − Δx. Thus x^∗ is unstable (marked by a ∘). The reverse argument shows that x^∗ is stable (marked by a •) when the slope is negative in the point of intersection.

complex reaches a steady state on a time scale much faster than the timescale of product consumption.

For complex nonlinear systems, such a reduction in dimension would be very valuable, since it would both make it easier to understand the behaviour of the system and make it computationally less demanding to simulate the system. When trying to do such a reduction, you are generally faced with the problem of deciding which modes are fast and which are slow. Usually, this problem cannot be solved, because the different time scales of the system are not separated.

At a bifurcation point the situation is different, since you now have one mode with Re(λ) = 0. This mode, which corresponds to the motion on W^c, is, so to speak, infinitely slow. For parameters μ ≈ μ_c this mode still has |Re(λ)| ≈ 0, and we can in fact obtain a simple, but quantitatively almost correct, description by restricting the analysis to the slow manifold of the full system. This description is called the normal form description of the dynamical system at the bifurcation point. In Ipsen et al. (1998) it is shown how this projection of the full system onto the slow subspace – and back again – is done in a systematic form.

An illustrative example of a normal form is the pitchfork bifurcation with

Figure 3.10: Bifurcation diagrams of a subcritical (left) and a supercritical (right) pitchfork bifurcation. Solid lines denote stable stationary states, and dotted lines denote unstable stationary states.

the normal form

ẋ = μx − x^3. (3.10)

We see that there is a stationary point at x = 0 for all values of μ, and for μ > 0 the two stationary points x = ± √ μ exist as well. If we plot ẋ as a function of x, as done in figure 3.9, it is immediately seen that x^∗ = 0 is stable for μ ≤ 0 and unstable for μ > 0, and that the two emerging stationary points x^∗ = ± √ μ are stable in their entire interval of existence.

In fact, the above normal form is only one possible normal form for the pitchfork bifurcation. The general normal form is ẋ = aμx − bx^3, but for simplicity the normal form parameters a and b are scaled to 1. This does not matter in this qualitative discussion, since all the normal forms are topologically equivalent^3. If, however, you are interested in a low-dimensional quantitative description of the system close to μ_c, you should use the algorithm presented by Ipsen et al. (1998) to get the right normal form parameters. An example is given in Ipsen et al. (1997).

If we were to change the sign of the third order term in equation 3.10, so that it now reads

ẋ = μx + x^3, (3.11)

3For this to be true, we will choose normal form parameters to be positive and real, so that the sign of the terms is a property of the normal form.

then x^∗ = 0 would still have the same stabilities as before. The other stationary points x^∗ = ± √ −μ would now only exist for μ < 0, and they would always be unstable. To distinguish these two bifurcations, we say that the first one is a supercritical pitchfork bifurcation, and the second one is a subcritical pitchfork bifurcation^4.

A nice way to look at bifurcations is to make a bifurcation diagram, which is a graph showing the possible states of the system as a function of the bifurcation parameter. In figure 3.10 this is done for the two pitchfork bifurcations.

The Hopf bifurcation

The importance of bifurcation analysis in relation to my work is the onset of oscillations. The simplest, and by far most common, bifurcation leading from a stationary state to oscillations, is the Hopf bifurcation. The scenario is the following: A stable stationary point becomes unstable as a pair of complex conjugate eigenvalues crosses the imaginary axis, and a limit cycle emerges around the unstable stationary point. Thus the following conditions apply at the Hopf bifurcation:

• The Jacobian matrix of the stationary state has exactly one set of purely imaginary eigenvalues λ_j = λ̄_{j+1} = iβ_j . All other eigenvalues have negative real part.

• The transversality condition which states that the complex pair λ_j, λ_{j+1} actually crosses the imaginary axis, i.e.

dRe(λ_j) dμ | | | |_{μ=μc} ≠ 0

• A limit cycle with zero amplitude and frequency^{βj}_{2π} emerges.

The general normal form of the Hopf bifurcation in a rotating coordinate system is given by the Stuart-Landau equation (see chapter 2 in Kuramoto (1984) for a discussion)

ż = μλ_1z − gz|z|^2. (3.12)

4The idea of these names is that the two new stationary points are found either above or below the critical point (i.e. bifurcation point), as seen from the stable stationary state.

(See below for notation).

However, to see that this system actually has a Hopf bifurcation when the bifurcation parameter μ is varied, I will rewrite the Stuart-Landau equation in a fixed (i.e. non-rotating) coordinate system:

ż = (iω_0 + μλ_1)z − gz|z|^2 (3.13)

where z = z_1 + iz_2 and g = g^′ + ig^{′′}. Furthermore, the complex eigenvalue λ has been expanded in the parameter ϵ around the bifurcation point: λ = λ_0 + ϵλ_1 + . . . with λ_0 = iω_0 and λ_1 = σ_1 + iω_1.

By separating the real and imaginary parts, equation 3.13 can be rewritten as: ż_1 = (μσ_1 − g^′|z|^2)z_1 − (ω_0 + μω_1 − g^{′′}|z|^2)z_2 ż_2 = (μσ_1 − g^′|z|^2)z_2 + (ω_0 + μω_1 − g^{′′}|z|^2)z_1.

For all parameter values the system has the stationary state z = 0, and we write up the Jacobian matrix of the system evaluated at this state:

J|_{z=0} = [ μσ_1 −(ω_0 + μω_1) ω_0 + μω_1 μσ_1 ] . It is easy to see that the matrix has the two eigenvalues λ = μσ_1 ± i(ω_0 + μω_1). Therefore, the change in stability of the stationary point z = 0 at μ = μ_c = 0 is evident provided that σ_1 ≠ 0. At this bifurcation point λ = ±iω_0. So, for ω_0 ≠ 0 this fulfills the first of the above conditions for a Hopf bifurcation. The transversality condition is also fulfilled since^{d(μσ1 )}_{dμ} | | μ=μ_c = σ_1.

The emergence of the limit cycle is easiest to see when the system is rewritten once again; this time in polar coordinates z = r(t)e^{iθ(t)}.

ṙ = μσ_1r − g^′r^3 (3.14) θ̇ = ω_0 + μω_1 − g^{′′}r^2 (3.15)

For g^′ > 0 equation 3.14 is similar to equation 3.10, so by the same arguments (presented graphically in figure 3.9) we find that for μσ_1 ≤ 0 there is only one stationary radius r^∗ = 0. This stationary state is stable^5. For μσ_1 > 0 the stationary radius r^∗ = ± √_{μσ1} g^′ is asymptotically stable while r

∗ = 0 is

5In fact it is asymptotically stable for μσ_1 < 0 which agrees with a sink.

3.1 Describing Complex Kinetics 43

Figure 3.11: Numerically integrated phase portraits of equation 3.13 for different values of μ together with the bifurcation diagram for the supercritical Hopf bifurcation. The values of μ in the phase portraits are (from left to right): μ = −0.2. μ = −0.1. μ = 0.0. μ = 0.1. μ = 0.2. The other parameters are: g = 1, λ_1 = 1 and ω_0 = 1. This figure is kindly reproduced from Lorenzen (1996).

Figure 3.12: Numerically integrated phase portraits of equation 3.18 for different values of μ together with the bifurcation diagram for the subcritical Hopf bifurcation. The values of μ in the phase portraits are (from left to right): μ = −0.375. μ = −0.250. μ = −0.125. μ = 0.000. μ = 0.125. This figure is also reproduced from Lorenzen (1996).

unstable. Since a negative radius r = − √_{μσ1} g^′ has no physical meaning, the

conclusion is that the emerging limit cycle is stable with radius

r_{limit cycle} = √ μσ_1 g^′ (3.16)

and frequency

ω_{limit cycle} = 1 2π ( ω_0 + μ ( ω_1 − g^{′′}σ_1 g^′ )) . (3.17)

This is called a supercritical Hopf bifurcation. Note that the existence of a Hopf bifurcation could also be seen directly from equation 3.14 and 3.15.

A very nice graphical presentation of a supercritical Hopf bifurcation is given in the master’s thesis of Thomas Lorenzen (Lorenzen, 1996). It is reproduced in figure 3.11, and shows the bifurcation diagram and simulations of equation 3.13 for five different values of μ.

As long as we are still close to μ_c, the normal form description is a good description of the emerging limit cycle. This is because the limit cycle will have a small radius, and thus the third order terms in equation 3.13 will dominate over any higher order terms which we did not include in the normal form description.

Since two eigenvalues become positive at the Hopf bifurcation, the unstable manifold is two-dimensional at the unstable stationary point inside the limit cycle. The rest of phase space around the stationary point is spanned by the n − 2 dimensional stable subspace. A sketch of this is shown in figure 3.13.

The Subcritical Hopf Bifurcation

If, however, we take g^′ < 0 in equation 3.14, then this equation is similar to the subcritical pitchfork bifurcation in equation 3.11, and the emerging limit cycle is unstable. This is called a subcritical Hopf bifurcation. To tell what the persistent behaviour of the system will be, one needs to include higherorder terms in the description, since the Stuart-Landau description has only the unstable solution r = 0 for μσ_1 > 0. A simple example of this is given by the following normal form of a subcritical Hopf bifurcation:

ẋ_1 = μx_1 − x_2 + x^3_1 + x_1x^2 − x^5_1 − x_1x^4_2 − 2x^3_1x^2 ẋ_2 = x_1 + μx_2 + x_2x^2_1 + x^3_2 − x_2x^4_1 − x^5_2 − 2x^2_1x^3_2 (3.18)

Figure 3.13: A sketch of the phase space close to a supercritical Hopf bifurcation. The limit cycle is the ellipse in the plane spanned by the unstable subspace. The unstable stationary point (marked by a •) is at the intersection of the stable and the unstable subspace.

We will not need this normal form later on, but I have included a bifurcation diagram and phase plots at different values of μ in figure 3.12 in order to show that the supercritical Hopf bifurcation is not the only bifurcation from a stable stationary state to a limit cycle.

Notice the difference between this bifurcation and its supercritical sister. The limit cycle is now born with a large amplitude, and the stable stationary point coexists with the limit cycle for some values of μ. If you pass μ_c from above, you will not reach the stationary point until the limit cycle ceases to exist. In figure 3.12 this happens at μ = −0.25. On the other hand, if you pass μ_c from below, you will stay on the stationary point until it becomes unstable at μ = μ_c. We say that the system shows hysteresis at a subcritical Hopf bifurcation.

3.2 Experimental Complex Kinetics

As you have seen in the first part of this chapter, the theory of nonlinear dynamics states some general properties that a dynamical system could have, and gives a qualitative picture which is very useful when trying to understand the behaviour of a system. This qualitative picture is indeed very nice, but as chemists or biochemists we want a quantitative description of the system.

If you have a computer model of the system of interset, nonlinear dynamics is a good tool for detailed investigations of it. But, usually, such a model is exactly what is missing. In most cases, the best you can do is to build a model that works fine for some cases, but fails when different conditions are imposed. Thus, the current status is that full scale models of cellular systems have only limited biological value. In particular, it is often the case that parameters determined in vitro, differ from the apparent in vivo parameters (e.g. Babul et al. (1993); Benevolensky et al. (1994); Wright and Albe (1994); Wright et al. (1992)). Therefore, a way to get from the measurements of the dynamics to the actual mechanism is needed, since this would ultimately allow the components of the biological models to be determined in vivo.

When concerned with chemical problems, things are not as complicated since you do not have the problems of in vivo versus in vitro measurements. Furthermore, methods for deriving the reaction mechanism from the measured dynamics actually exist. One such method is that of “quenching analysis”. This method was developed at our laboratory by my supervisors Preben Graae Sørensen and Finn Hynne (Hynne et al., 1990). It will now be presented.

3.2.1 Quenching Analysis

The basis of the quenching experiments is the geometry of the phase space on the oscillatory side of a supercritical Hopf bifurcation (figure 3.13), so in order to do such experiments we need to be close to the bifurcation point. As described, the persistent behaviour of such a system is limit-cycle oscillations. Most perturbations will displace the state of the system from the limit cycle, but the state will soon be back on the limit cycle. If, however, you perturb the system in such a way that its state ends up very close to the unstable stationary state, the response will be quite different. The oscillations are quenched, and reappear slowly as the state of the system spirals back onto the limit cycle. You might be able to put the state of the system directly on x^∗, but placing it on the stable manifold will produce the same result, since the system will then reach x^∗ after a short transient.

In principle, the oscillations could remain quenched forever if the unstable stationary state was hit precisely. In practice this is not possible, since x^∗ will never be hit exactly. Even if it were to be an exact hit, small fluctuations would eventually drive the system off the stationary state as explained above. Thus, after the quenching the system will return to the limit cycle as shown in figure 3.6. The small fluctuations pose no problem if you want to quench the oscillations via the stable manifold; you will still be able to move along the stable manifold and reach the unstable stationary state. This is because we are close to the bifurcation point, where the motion along the stable manifold is

Figure 3.14: The quenching response of a perturbation with a given mixture of chemical species is unique, when we are close to a supercritical Hopf bifurcation. Here, this is exemplified by three quenchings each by addition of a pure species, which corresponds to motion in the positive direction along one of the axis in concentration space.

faster than the motion in the unstable plane of oscillations, i.e. |Re(λ_{unstable})| < |Re(λ_{stable})| for μ ≈ μ_c.

An early experimental realization of a quenching was reported by Winfree (1970), who was doing experiments on the influence of short pulses of intense blue light on the circadian rythm of pupal eclosion in populations of the fruit fly Drosophila pseudoobscura. In his experiments each perturbation was given with the same intensity of light, but at different phases relative to the daylight rythm and with different pulse durations. The surprising finding was that a unique combination of these two perturbation parameters not just shifted the phase of the circadian rythm, but seemed to leave the fruit flies with their circadian rythms completely randomised. Winfree explained this with a limit cycle scenario, where each of the fruit flies’ circadian clocks had been quenched.

A few years later Winfree did another set of elegant experiments, this time on oscillating yeast cells (Winfree, 1972). Transient oscillations were induced by the transition from aerobic to anaerobic metabolism, and the pattern of phase resetting by oxygen pulses at different sizes and phases was investigated. He managed to hit the stable manifold and quench the oscillations, and concluded that a picture consisting of a limit cycle and a stable manifold^6 is qualitatively correct for the description of the yeast cells.

In Winfree’s experiments, it is not possible to relate the perturbations directly to the underlying mechanisms. There is obviously no strong pulses of

6Winfree named this stable manifold the “isochron convergence locus” for reasons explained in the article.

light involved in the biological clock of the fruit fly, neither is there any direct quantitative way to connect O_2 to the oscillations in anaerobic yeast cells. Things are different when looking at a chemical system where perturbations are performed with chemical species actually being part of the reactions under study. If the system is perturbed with one species at a time, then this is equivalent to pushing the state of the system in the (positive) direction of the corresponding axis in phase space. Another possibility is to do a perturbation by dilution, which shifts the state of the system towards origo proportional to the concentrations of the reactants. This explicit connection between the perturbations and the geometry of the phase space makes it possible to obtain kinetic information from the perturbations. When situated on the limit cycle, and perturbing in a given direction in phase space, there is only one way to hit the stable manifold, as long as the geometry is as shown in figure 3.13. This is illustrated in figure 3.14. Thus, a small well-defined set of perturbations have a characteristic response that can be clearly distinguished experimentally.

The Theory of the Quenching Experiments

To see what can actually be calculated from quenching experiments, we write up a general quenching vector in n-dimensional phase space

q = t − r (3.19)

which describes a displacement of the state of the system, which takes it from the limit cycle to the stable manifold as shown in figure 3.15. Sufficiently close to a supercritical Hopf bifurcation, the limit cycle is described by

r(t) = a (u cos(ωt) + v sin(ωt)) , (3.20)

where u and v are the real and imaginary components of the two complex conjugated eigenvectors that span the unstable subspace (as before, x^∗ has been translated to the origin). In some sense this equation states that the amplitudes and the relative phases of the oscillating concentrations are determined by theses two eigenvectors.

We will now introduce left eigenvectors e^j which, in principle, are solutions to the transpose of the usual eigenvalue problem:

a_{11} . . . a_{1n} . . .. . . . a_{m1} . . . a_{mn} x_1 . . x_n = λj x_1 . . x_n = λj ej

Figure 3.15: Illustration of the vectors in equation 3.19.

in analogy with [ x_1 . . . x_n ] a_{11} . . . a_{1n} . . ... . . a_{m1} . . . a_{mn} = λj [ x_1 . . . x_n ] = λ_j e^j,

where subscripts denote right eigenvectors, i.e. the usual eigenvectors, and superscripts denote left eigenvectors. By suitable normalisation the system can be chosen biorthonormal, so that it satisfies

e^i · e_j = 2δ^i_j . (3.21)

To see how this is accomplished, we multiply the usual eigenvalue problem J · e_j = λ_j e_j with a left eigenvector to obtain

e^i · J · e_j = e^iλ_je_j . (3.22)

Likewise,

e^i · J · e_j = e^iλ_ie_j (3.23) is obtained from e^i · J = e^iλ_i by multiplication with a right eigenvector. We subtract equation 3.23 from equation 3.22 to obtain 0 = (λ_j − λ_i)e^i · e_j , (3.24) which shows that for λ_i ≠ λ_j the dot product of the two eigenvalues must be zero, which is the orthogonality we want. For i = j the dot product may take any value without violating equation 3.24, so we can normalise as we wish.

The physical meaning of the left eigenvectors is somewhat unclear. Equation 3.21 states that they span a reciprocal concentration space, but what this actually means is not very clear. Nevertheless, they allow us to proceed with equation 3.19. In order to do this, we will denote the two complex left eigenvectors associated with the two complex conjugated eigenvalues of the unstable subspace by e^1 and e^2, and rewrite them as e^1 = e^+ + ie^− and e^2 = e^+ − ie^−. This allows us to make use of the biorthonormality: e^1 · e_1 = (e^+ + ie^−) · (u − iv) = 2 (3.25) and e^2 · e_1 = (e^+ − ie^−) · (u − iv) = 0. (3.26) From equation 3.25 we obtain e^+ · u + e^− · v = 2 (3.27) and i(e^− · u − e^+ · v) = 0 ⇔ e^+ · v = e^− · u, (3.28) and from equation 3.26 we obtain e^+ · u − e^− · v = 0 ⇔ e^+ · u = e^− · v (3.29) and −i(e^− · u + e^+ · v) = 0 ⇔ e^+ · v = −e^− · u. (3.30) When we combine equation 3.30 with equation 3.28 and equation 3.27 with equation 3.29 we obtain e^+ · u = 1 e^− · u = 0 (3.31) and e^+ · v = 0 e^− · v = 1. (3.32)

We can now multiply equation 3.19 with e^+. Since t is orthogonal to both e^+ and e^−, we can use equation 3.31 and 3.32 to obtain

e^+ · q = e^+ · t − e^+ · r = −e^+ · a (u cos(ωt) + v sin(ωt)) = −a cos(ϕ), (3.33)

and likewise with e^−

e^− · q = −a sin(ϕ). (3.34)

The angle ϕ denotes the place on the limit cycle from which q originates.

Now, if a quenching is obtained by addition of a single chemical species, then q has only one non-zero component. By scaling the concentration space so that the amplitude a of the oscillations is one, equation 3.33 and 3.34 give

q_j e^+_j = − cos (ϕ_j) , q_j e^−_j = − sin (ϕ_j ) (3.35)

for the j’th species. This shows that e^+ and e^− can be determined from n such quenchings.

According to equation 3.21, the vectors that span the stable subspace must all be orthogonal to e^1 and e^2. Thus, when e^+ and e^− are known, we also know a basis of the stable subspace. Equation 3.31 and 3.32 give us two sets of each two equations, which can be solved if each set has no more than two unknowns. If we know e^+ and e^− from n linearly independent quenchings, two components of u and v, i.e. the oscillations of two species, can be determined. The last n − 2 components of u and v must be determined by direct measurements of the oscillations of the corresponding species. Alternatively, equation 3.31 and 3.32 can be solved with n − 1 quenchings, if n − 1 species have been monitored.

The conclusion is that, in principle, it is possible to obtain a detailed description of the motion in the unstable subspace around x^∗. Since this is the slow subspace of the system, this is the essential part of the dynamics (cf. page 39). Furthermore, the stable and the unstable subspace can be positioned in phase space.

Quenchings can be hard to obtain experimentally, and often only one or a few of the species can be monitored during the oscillations. So in practice you will usually end up with a low-dimensional description of the system. But this description could, nevertheless, still be a quite good one, especially if some of the species only show oscillations with a small amplitude. For a more detailed discussion of the validity of such a description see Sørensen et al. (1990).

For the j’th species, equation 3.35 describes

Figure 3.16: Equation 3.35 describes a circle in the complex plane.

a circle in the complex plane (see figure 3.16). Therefore, the phase and amount needed to quench the system with this species can be calculated from

ϕ_j = arg ( −e^+_j − ie^−_j ) (3.36)

q_j = 1 √( e^+_j

)_2 + ( e^−_j )_2 . (3.37)

Using this equation, quenching parameters for a given species can be calculated from a set of ODEs, and compared to experimental quenching parameters. This way, quenching data can be used to validate models of the system under study (Hynne et al., 1993a; Vukojević et al., 1996).

When working with intact yeast cells, this is probably the best one can hope for, since most of the glycolytic intermediates cannot pass the cell membrane, and thus cannot be used to quench the oscillations. Also, quenching by dilution is not possible. Most cells could in principle have their cytoplasm diluted by osmotic shock, but this cannot be done with yeast cells, since their rigid cell wall preserves their shape and volume.

Alternative Methods

Other methods for experimental determination of reaction mechanisms are avaliable, but most of them suffer from the drawback that all species of interest should be measured continuously. For an overview, see Stemwedel et al. (1995). This is difficult and very laborious, especially when working with intact cells. Therefore, these methods are not suited for in vivo investigations.

Recently, a new method for the experimental determination of the Jacobian matrix has been developed. The method is derived from control analysis, and has the advantage that only one species needs to be measured while the system is being perturbed with different species. Furthermore, the method is – unlike quenching analysis – not restricted to a special state of the system, but can be used on any steady state in an open system. However, this method has not yet proven successful experimentally, because the demands to the signal-to-noise ratio of the measurements, and the stability and reproducibility of the steady state, are very high (Skødt, 1999; Mihaliuk et al., 1999).

54 Complex Kinetics

4 Glycolytic Oscillations

In 1957 Duysens and Amesz measured the fluorescence of intracellular NADH in yeast cells (Saccharomyces carlsbergensis), and found the first indication that glycolysis can show oscillations in living cells. But the study of these oscillations did not take form until the work of Ghosh, Chance and Estabrook was published in 1964 (Chance et al. (1964); Ghosh and Chance (1964); see figure 4.1). For the next 15 years, a substantial amount of work was done in this field. The motivation then was the same as it is for me today: The glycolytic oscillations represent a striking and intriguing example of complex dynamics in an enzyme system which is fundamental to almost all living cells. At the same time, the phenomenon involves cell communication – A topic which is turning out to be of great importance, as we learn more and more about the molecular machinery of the individual cells.

The investigations came to a dead stop in the 1980s; maybe the reason was the success of the first fifteen years of work. The nature of the glycolytic oscillator had been established, and detailed knowledge of the factors which might effect the oscillations, had been gathered. Furthermore, the glycolytic oscillations had been established in other cell types than yeast, and these systems were studied instead. The idea that the glycolytic oscillations could function as a biological clock had also been abolished by this time.

By the start of the 1990s, a group of biochemists in Amsterdam resumed the investigations focusing on the cell communication which was still a mystery. At the same time, the strain of yeast cells commonly used for the experiments was changed from Saccharomyces carlsbergensis to Saccharomyces cerevisiae. Today, almost ten years later, we know that an intriguing concept of cell communication is involved. This concept is quite unlike what is normally seen, but

Figure 4.1: Glycolytic oscillations as reported by Chance et al. (1964). The originat figure legend reads:“Forms of RPN oscillatio in S. carlsbergensis recorded by the fluorescence method. (A) A recording of the oscillations initiated by aerobic-anaerobic transition (oxygen → 0) under optimal conditions (7/2/63). (B) Oscillations in a yeast cell suspension aerated for 1^1_2 hr (7/2/63). (C ) Oscillations aerated for^1_2 hr pror to the addition of glucose; 2% yeast 25^∘ (7/2/63)”. RPN: Reduced Pyridine Nucleotide, now called NADH.

it is still not widely appreciated.

4.1 Glycolytic Oscillations

Glycolytic oscillations in yeast cells can be induced in several ways, but the oscillations are all related to anaerobic metabolism where the mitochondria are not active. In many of the early experiments, the anaerobic conditions where caused by the yeast cells themselves, who used up all the oxygen in a reaction chamber while a pulse of glucose was being metabolised. Oxygen was kept away from the cells either by excluding oxygen from the reaction chamber, or simply by avoiding stirring. This way, the Pasteur effect induces damped oscillations in the yeast cells. Later on, chemical inhibitors of respiration was used to simulate anaerobiosis for reasons described in section 4.2.

Since the experiments are carried out in closed systems, the observed oscillations are all transient. Nevertheless, the yeast cells function in a way so that they can put up their own open flow-system for quite a long time. This is done by transporting the glucose into the cells at a slow, steady rate, hereby creating a long-lasting transient towards the depletion of glucose. On this transient, limit-cycle oscillations are sometimes found, but the oscillations usually reported correspond to a system spiralling towards the stable stationary state of a focus.

The Glycolytic Oscillator

From the early investigations it became clear that PFK is an enzyme of great importance for the dynamics of glycolysis. In particular, the positive feedback loop created by the product activation by ADP, FBP and indirectly by AMP (as described in chapter 2) is often used to explain how the glycolytic oscillations can arise.

When PFK is active, activators are produced and make PFK even more active. However, this autocatalytic cycle cannot go on forever, since the substrate for PFK will be used up. Simultaneously, the lower part of glycolysis converts FBP into Pyr, and thereby ATP is produced from ADP (because of the AK reaction, this consumes the AMP as well). Consequently, PFK slows down. This piles up F6P, and at some point PFK will again become active. This brings us back to the beginning of the cycle, which will then repeat itself.

This is the standard explanation of the glycolytic oscillations as it can be found (with various variations) in several papers and textbooks, e.g. Ghosh and Chance (1964); Boiteux and Hess (1973); Mathews and van Holde (1990) and the Sel’kov model mentioned on page 35 (see inset). Often AMP is pointed out as the most important of the activating products (Sel’kov and Betz, 1973; Betz, 1973).

Several experimental facts seem to comply with this picture. Eschrich et al. (1983) showed that a reconstituted enzyme system consisting of PFK, PK, G6P and AK is not capable of producing oscillations, but oscillations can be seen when fructose 1,6-bisphosphatase is included. Thus, an in vitro system which is almost as simple as the picture given above, can in fact produce oscillations.

A consequense of the simple picture is that F6P will pile up when FBP is being consumed and vice versa. When the metabolites are measured, this is seen as a 180^∘ phase difference between these two metabolites. Ghosh and Chance (1964) take this phase difference as evidence that the product activation of PFK is the basic oscillator mechanism of glycolysis. This way of reasoning is known as the cross-over theorem^1. When yeast extract is used, this argument identifies both PFK, PK and GAPDH as control points, but PFK is still pointed out as the most important of these (Boiteux and Hess, 1973).

Boiteux and Hess (1973) also report that F6P is a minimal substrate for the glycolytic oscillations. This means that oscillations can be seen when Glc, G6P or F6P is supplied to an extract, but not when metabolites from FBP and down are supplied. This is taken as further evidence that PFK is the origin of the oscillations; the so-called “oscillophore”.

As we know from the previous chapter, oscillations are a property of the entire dynamical system more than a property of a single reaction. Therefore, the picture presented above is too simple, even though there is no doubt that PFK is an important part of the dynamics of the system. This notion is also in compliance with the results of metabolic control analysis, which I presented on page 11. I will go along with Winfree (1980), and site The Steppenwolf Treatise by Hermann Hesse: “Things are not so simple in life as in our thoughts, nor so rough and ready as in our poor idiotic language”.

In fact it is obvious, that the simple picture cannot be the whole truth: The oscillations are measured as NADH oscillations, so we should at least explain how they arise. One could imagine the NAD^+/NADH system as a “slave” of the PFK/adenosine nucleotide system: It oscillates when the glycolytic flux oscillates, but the state of the NAD^+/NADH system has no effect on the PFK/adenosine nucleotide system. This is, however, not the case.

As shown by Pye (1969) and Nielsen et al. (1998), yeast extracts respond to perturbations with components of the PFK/adenosine nucleotide system. But they respond to perturbations of the NAD^+/NADH system just as well. In particular, additions of ACA, Pyr or acetate will influence the oscillations (Pye, 1973; Betz and Chance, 1965a). This is also seen when intact cells are used (Betz and Becker, 1975; Richter et al., 1975; Winfree, 1980; Bakker, 1993;

1See Fell (1997) for a discussion of the cross-over theorem.

Richard et al., 1996a). Therefore, we conclude that the NAD^+/NADH system is not merely a slave of the PFK/adenosine nucleotide system.

Moreover, the measurements of the phase differences of the different metabolites – which were used together with the cross-over theorem to point out PFK as the oscillophore – cannot be explained on the basis of the simple PFK/adenosine nucleotide picture, which was presented above (Betz and Chance, 1965b).

Thus, it seems that the PFK/adenosine nucleotide system and the NAD^+/ NADH system are intimately connected; probably through the joint action of GAPDH and PGK (Betz and Chance, 1965b; Pye, 1973; Richard et al., 1996b).

Since most of the work on the nature of the glycolytic oscillations was done before it was realised that F2,6BP is a potent activator of PFK, this metabolite was not included in the experiments. However, Richard et al. (1996b) have measured an almost constant level of F2,6BP in oscillating yeast cells, and Yuan et al. (1990) report that the metabolite is not an essential part of the oscillations, since the F2,6BP concentration in oscillating extracts is too low to have any significant effect. Also, they report that oscillations can be seen in mutants with no detectable F2,6BP. On the other hand, this does not mean that F2,6BP has no effect on the oscillations, since yeast extracts show strong responses to perturbations with this metabolite (Yuan et al., 1990).

Growth Dependence

The above discussion of the glycolytic oscillator was given in the context of changing metabolite concentrations, but with enzyme concentrations fixed. However, the enzyme activity is also of great importance for the appearance of glycolytic oscillations. This is realised experimentally by noting the importance of the time of harvesting of the yeast. As described on page 25, the yeast is usually grown in an aerobic batch, where the composition of the growth medium is constantly changing as a result of the growth. Under these growth conditions, yeast cells that are harvested at the diauxic shift, show oscillations that are significantly less damped (quantified simply by counting the number of cycles) than oscillations induced in cells harvested at other times of the growth (Hess and Boiteux, 1968; Pye, 1969; Kreuzberg and Betz, 1979; Richard et al., 1993). As noted, this difference is ascribed to differences in the enzymatic composition of the yeast cells harvested at different times, but it is not well understood how the dynamics of glycolysis is affected by these changes.

However, the microcalorimetry measurements by Teusink et al. (1996b)

Figure 4.2: Growth-phase dependence of the specific heat flux under oscillating conditions. Cells were harvested at mid-exponential phase (A), transition phase (B), or respiratory phase (C), starved for 2 h, and oscillations induced by glucose (t = 0 min) and KCN (t = 4 min). Reproduced from Teusink et al. (1996b).

(see figure 4.2) have given some insights into this. They show that the timeevolution of the glycolytic flux – following a glucose and a cyanide pulse – depends strongly on the time of harvesting. Cells harvested in the midexponential phase show a steadily decreasing flux, while cells harvested at the diauxic shift, or when growing on ethanol, show an almost constant flux that goes abruptly to zero when the glucose is depleted. Thus, it seems like cells harvested at the glucose depletion or later do in fact set up their own steady flow system, while the cells harvested in the first exponential growth phase do not. Teusink et al. suggest the changing glucose affinity of the glucose transporter (cf. page 25) as a mechanism for this: When the glucose transporter has a high affinity for glucose, it is saturated almost until the glucose is completely depleted. But when the transporter has a low affinity component, the glycolytic flux decreases when the extracellular glucose concentration is decreased. Note, however, that the cells harvested later than the diauxic shift do not show bulk oscillations even though the overall time-evolution of the flux is similar to that of the cells harvested at the shift.

Unfortunately, many of the early experiments are carried out with yeast cells harvested according to time of growth, instead of some direct measure of the growth phase. Since there will unavoidably be variations in the duration of the initial growth phase, this means that the yeast is not well defined. Therefore, it is difficult to compare or reproduce these experiments.

Hess and Boiteux (1968) report that yeast cells grown anaerobically show pronounced oscillations as well, but this is even less understood than the differences between the yeast cells grown aerobically.

Models of Glycolytic Oscillations

Based on the detailed knowledge of glycolytic oscillations presented in chapter 2 and in this chapter, glycolytic oscillations in extracts have been modeled extensively. In broad terms, the models are either simple models focusing on the dynamics of PFK (e.g. Sel’kov (1968), Goldbeter (1996) and Baier et al. (1999)) or elaborated models which encompass most of the glycolytic reactions (Richter et al., 1975; Termonia and Ross, 1981; Hocker et al., 1994; Nielsen et al., 1998). The PFK models are made in order to do qualitative investigations of the dynamics, while the aim of the comprehensive models is to explain and predict the behaviours of the experimental systems at the biochemical level.

It should come as no surprise to the reader that the comprehensive models are, in principle, the most interesting ones in my mind. But there is a serious problem with such models: They all contain a lot of parameters that must somehow be determined. This is a very difficult task, because the experimental estimation of the parameters is uncertain. Therefore, the formulation of such models involves a fair deal of guessing. Nevertheless, the stable oscillating states of the models show good agreement with experimental values of concentration ranges and phase differences of the metabolites. Furthermore, the models presented by Richter et al. (1975) and Nielsen et al. (1998) have shown successful when compared with experimental perturbations. Thus, there is an indication that the dynamics of these two models are good descriptions of the dynamics of the oscillating extracts.

With this in mind, it is striking how little the real biological system, i.e. the glycolytic oscillations in intact yeast cells, has been modelled. One reason for this might be the difficulties of using parameters obtained from in vitro studies for modelling the in vivo system as already mentioned on page 46. To be more specific, it is often the case that the V_{max} values of the enzymes seem to be much higher in vivo than when they are measured in vitro (e.g. Babul et al. (1993) and Benevolensky et al. (1994)). Several explanations have been offered for such phenomena (for a review see Aragón and Sols (1991)). This includes the concept of substrate channeling where different enzymes form complexes that should prevent diffusion of the intermediate metabolite by directly transferring it between the active sites of the interacting enzymes. It is also reported that some enzymes increase their activity by aggregating (with themselves) as the enzyme concentration is increased. In our context PFK and PK are important examples of this.

These problems have been circumvented in the study by Theobald et al. (1997); Rizzi et al. (1997). In this study, a culture of Saccharomyces cerevisiae is perturbed with a pulse of glucose while it is growing aerobically under glucose limitation. (The yeast cells do not oscillate under these conditions). The resulting transient is traced by rapid sampling and extensive enzymatic measurements of the metabolites. These data are then used to fit the kinetic parameters of a comprehensive model which incorporates both glycolysis, fermentation, oxidative phosphorylation and drains for biosynthesis. In this way, a model is obtained which fit the transients of most of the metabolites quite well. However, the fit is not perfect, and some of the parameters resulting from the fit seem unrealistic. The biggest problem is the pyruvate concentration, but the concentrations of the adenosine nucleotides and of NAD^+/NADH do not fit well either. This model does of course not show glycolytic oscillations, but nevertheless it is a serious attempt to model the in vivo dynamics of Saccharomyces cerevisiae.

Modelling of glycolytic oscillations with explicit reference to intact yeast cells has been done by Aon et al. (1991) and Bier et al. (1996), using 4 and 6 coupled differential equations, respectively. These models are centered around the stoichiometric positive feedback of ATP, and disregards the regulation of PFK. It is interesting – from a biological point of view – that the complex kinetics of PFK are not needed to explain the oscillations. However, this should come as no surprise (see, e.g., the Oregonator model by Field and Noyes (1972)).

When seeking a realistic model, I see no sound reason to disregard PFK, which is a well established parts of the real-world system. Thus, we must conclude that – despite three decades of experiments and extensive modelling of yeast extracts – a comprehensive model of glycolytic oscillations in yeast cells does not exist.

4.2 Cell Synchronization 63

4.2 Cell Synchronization

The glycolytic oscillations are measured as an average over many million cells. When such macroscopic oscillations are seen, the yeast cells must be at least partly synchronized; if they were not, the macroscopic sum that we measure in the experiments would not oscillate.

A suspension of yeast cells is generally a heterogenic collection of cells which differ in size, age and probably many other properties. Therefore, if no active synchronization takes place, differences in the intrinsic frequencies of the cellular oscillators will make them run out of phase with each other. The bulk oscillations will then die out, even though there might be oscillations on the level of the single cells.

One of the most fascinating aspects of the glycolytic oscillations in yeast cells is the fact that the individual cells actually do synchronize their oscillations with each other. This capability was demonstrated unambiguously in an elegant experiment: If equal amounts of two suspensions oscillating 180^∘ out of phase are mixed, the bulk oscillations of NADH disappear immediately after the mixing, but reappear spontaneously after some time (Pye, 1969; Ghosh et al., 1971; Richard et al., 1996a). According to Ghosh and coworkers, yeast cells at the minimum of the NADH oscillations are likely to synchronize the other yeast cells to their own phase of oscillation, but otherwise no firm conclusions have been made in terms of predicting the phase of the reappearing oscillations. However, a systematic presentation of the data, which might be of some predictive value, is given by Winfree (1980).

The Mechanism of Cell Synchronization

The strength of this synchronization differs with different experimental parameters. As mentioned, the time of harvesting is important, but it seems that an extracellular ACA drain is important as well. The cyanide, which was originally used because of its ability to block the respiratory chain, happens to provide just this.

Cyanide is a nucleophilic reagent in its deprotonated form, and as such it reacts with ACA to form lactonitril:

CH_3CHO +^−CN + H^+ −→ CH_3CH(OH)CN

As one could expect, this reaction has bimolecular reaction kinetics (Svirbely and Roth, 1953), and since CN^− is one of the reactive species, the rate constant increases with pH. At pH = 6.8, Richard et al. (1996a) report a rate constant of 1.5 M^{−1} s^{−1}. According to Svirbely and Roth (1953), this reaction is in practice irreversible. Following an indication by Betz and Chance (1965a) (see